Magnetothermal free convection of air in a square enclosure under a nonuniform magnetic field provided by a permanent neodymium-iron-boron magnet is numerically studied. The natural convection under the gravity field alone is also studied for comparison. The physical fields of magnetizing force, velocity, and temperature as well as the local distribution characteristic of Nusselt number are all presented in this paper. The results show that the buoyancy convection of air in the square enclosure under magnetic field is quite different from that under the gravity field. The local value of Nusselt number under the magnetic field supplied by a permanent magnet with a residual magnetic flux density of about 4.5 Tesla can reach a high value of about three times larger than the maximum local value of Nusselt number under the gravity field. Relatively uniform distributions of temperature gradient and Nusselt number can be obtained along the cold wall of the enclosure under the magnetic field. A permanent magnet with high magnetic energy product with reaching to 3.5 Tesla can play a comparative role on the averaged Nusselt number compared with that under the gravity environment.
Introduction
The heat transfer and flow characteristics of natural convection in enclosures have attracted much research over the years due to their many practical engineering applications, such as in building insulation, growing crystals, solar energy collection, cooling of electrical industries, and flows in rooms due to thermal energy sources [1, 2] . Natural convection flows in a vertical cavity with two vertical walls at different temperatures and with adiabatic horizontal surfaces are the most considered configuration in the studies of natural convection because of their relative simplicity and practical importance [3] [4] [5] .
Fast development of superconducting materials at high temperature has enabled us to utilize commercial superconducting magnets that produce a magnetic flux density up to 10 Tesla or more. With the advent of superconducting magnets, magnetic convection can be studied on Earth, and various new findings have been reported in the last decades [6] [7] [8] [9] [10] . Wakayama [8] [9] [10] has been active in finding new and notable effects of a strong magnetic field in fluid convection. In the fields of fluid mechanics and heat transfer, the application of such high magnetic field on the control of natural convection has received considerable attention [11] [12] [13] [14] [15] [16] [17] [18] [19] [20] [21] . The heat transfer control of natural convection is based on the principle that the magnetizing force acts at a molecular level depending on the values of magnetic susceptibility of fluid. Therefore, the utilization of the magnetizing force is equivalent to the local gravity control within the region where the high gradient magnetic field exists. Braithwaite et al. [11] reported enhancement or cancellation of gravitational convection due to a magnetic field for a solution of gadolinium nitrate in a shadow layer heated from below and cooled from above. Tagawa et al. [12] [13] [14] [15] [16] [17] [18] [19] [20] carried out studies about the effects of magnetic fields on the natural convection. These studies have shown experimentally and numerically how to enhance or suppress heat transfer by the application of a magnetic field supplied by superconducting magnet.
Most of the previous studies about the magnetothermal natural convection in a vertical cavity focus on the effect of magnetic field supplied by superconducting magnet together with gravity field on natural convection. Bednarz et al. [21] studied the transient magnetic convection boundary layer in a microgravity environment. But the magnetic field supplied by the superconducting magnet is often assumed to be uniform; that is, the magnetic field gradient is constant. In this case, the problem under the uniform magnetic field is similar to that under gravity field. As the magnetic field supplied by permanent magnet is nonuniform and the gravity field is uniform, the natural convection characteristics under such two fields must be quite different. Recently, along with the development of the technology and improvement of manufacturing process, the residual magnetic flux density of a permanent magnet increases quickly. The maximum value of the residual magnetic flux density of a neodymium-ironboron magnet can reache to 1.5 Tesla or more. It is believed that the residual magnetic flux density of a permanent magnet will reach a larger value relying on the fast development of technology. The permanent magnet with large residual magnetic flux density can supply a nonuniform magnetic field and drive the gas free convection easily under a gradient temperature field. Thus, the permanent magnet which has high magnetic energy product can be widely applied in future for control of natural convection without any power supply from outside like a superconducting magnet. The present study focuses on the heat transfer and flowing characteristic of the magnetothermal convection of air in a square enclosure driven by a permanent magnet field alone. Comparison is also carried out for the convection driven by magnetic field and gravity field, respectively.
Physical Model
The physical model, two-dimensional square enclosure, considered in this paper is shown in Figure 1 . A cubic permanent magnet with the residual magnetic flux density in the direction is put on the bottom of the square enclosure. The length of both the magnet and square enclosure is 0.05 m. There is a gap of 1 mm between the magnet and the square enclosure. Figures 1(a) and 1(b) show the physical model in which the left wall is heated and right wall is cooled isothermally, and the other two walls are thermally insulated. 
Mathematical Equations
In a single phase with isothermal state, both the magnetizing force and gravitational force are the conservative force and hence convection does not occur by itself no matter how strong it is. In order to arouse the convection, both the magnetic field gradient and the temperature gradient are necessary. In a normal expression, the magnetizing force is written by the equation as follows [22] :
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The momentum equation including the magnetizing force alone is as follows:
And the momentum equation including the gravity buoyancy force alone is
We assume that the air is an incompressible Newtonian fluid and the Boussinesq approximation is employed. When we consider the isothermal state, the fluid density and susceptibility would be constant, and convection does not arise in both the gravity and magnetic fields. Parameters under this state are 0 , 0 , and 0 at reference temperature 0 . Hence we get
When there is a temperature difference, the magnetic susceptibility and density also change with temperature. Subtracting (4) from (2) and (3) gives
The density can be expressed by a Taylor expansion (keeping two terms only) around a reference state 0 as follows:
On the other hand, the thermal volume coefficient of expansion is defined for fluid as follows [23] :
Then, (6) can be written as follows:
The difference of can be written as
Magnetic susceptibility of air is a function of temperature; this follows the Curie law:
(10)
Here, is a constant; then
The volumetric coefficient of expansion for an ideal gas can be given from the ideal gas law:
Then, from (7)
so that
Given = 0 + , the momentum equation (5) can be written as follows:
Thus, the government equations for the natural convection caused by the magnetic buoyancy force or gravity buoyancy force are summarized as follows.
Continuity equation is
Momentum equation, for magnetic field alone is
And for gravity field alone
Mathematical Problems in Engineering
Energy equation is
In all the subsequent computation, the reference temperature 0 is selected equal to the temperature of the cold wall . The initial condition ( < 0) is
Boundary conditions are
The Rayleigh number is
The local heat transfer coefficient ℎ local is defined as
The local Nusselt number Nu local represents the ratio of heat transfer rate by convection to that by conduction in the fluid. Nu local is given by
The overall averaged Nusselt number is obtained by averaging Nu local on the wall involved in heat transfer:
In this study, the magnetic field is assumed to be provided by a cubic permanent neodymium-iron-boron (Nd-Fe-B) magnet which has a high magnetic energy product and could drive the gas free convection easily under a gradient temperature field. The magnetic field is solved using the vector potential method [24] .
According to Maxwell's equations, the divergences of B is always zero:
The fact that the divergence of B is zero means that there cannot exist sources of B. Because the divergence of the curl of a vector is identically equal to zero. Thus the magnetic induction B can be expressed as the curl of a vector A.
A is the vector potential. The vector potential generated by the permanent magnet at the calculated point is as follows:
Here, V is the volume of the magnet, is the distance from the element volume V of the magnet to the point where the field is calculated, and r 1 is the unit vector along . When the calculated field point is fixed and the source point, that is the center of element volume V, is moving, the gradient of 1/ taken at the source point is
Equation (28) can be rewritten as
According to the curl calculus identities, the curl of the product of a scalar function and a vector function C is
And one of the properties of vector product is that the vector product is anticommutative:
Then,
Equation (30) can be rewritten as
The curl calculus identity has
where is the surface bounding the volume V; is element area of the surface , n is the direction normal to the surface . The magnetic vector potential can be rewritten as
M × n is the equivalent surface current density and ∇ × M is the equivalent volume current density; the unit vector r 1 points, from the source, which is the loop, to the point where the magnetic field is calculated. Here using the Biot-Savart law we can write down the value of B:
Mathematical Problems in Engineering Thus, if we know the permanent magnet's magnetization M, we can find the equivalent current densities. Then we can use the equivalent currents to calculate B by the upper equation. In this study, the permanent magnet is applied near the bottom wall, and the poles of the magnet are lined parallel to the -direction. The square enclosure is placed on top of the cubic magnet in the middle of the -side and parallel to the -plane. The computed magnetic field lines supplied by the cubic permanent magnet in the enclosure are shown in Figure 2 .
The SIMPLE algorithm developed by Patankar [25] is used to solve the coupled heat transfer and fluid flow problem. The power-law scheme is used in the finite difference formulation of convection terms and a fine grid system is selected to raise the simulation precision. The grid-independence test for the solutions is carried out with three grid systems under the gravity field only. The averaged Nusselt numbers at different grid systems are presented in Table 1 . Since the difference of Nusselt number between three grid systems is less than 0.5%, the grid system 82 × 82 is selected for all computations. The physical properties of air and other constants used in this paper are summarized in Table 2 .
Results and Discussion
All the computations are carried out from Ra = 10 4 to Ra = 10 6 , and the residual flux densities of permanent magnet changes from 0.5 T to 4.5 T. The flow field, temperature field, and the distribution of local Nusselt number along the walls are obtained under the magnetic field with = 4.5 T; the difference of the effect of magnetic field and gravity field on natural convection is also studied. Figure 3 shows the temperature fields of the studied physical models at Ra = 10 4 and 10 5 . For Figure 3(a) , the temperature field looks rotationally symmetric about the center of the enclosure. The temperature gradient normal to the hot wall decreases and the temperature gradient near the cold wall increases gently from the bottom wall to the top wall. The largest temperature gradient near the hot wall locates at the position close to the bottom wall, but near the cold wall it is close to the top wall. The temperature field structure under the magnetic field, as shown in Figure 3 (b), is quite different from the temperature field under the gravity field. The temperature gradient near the hot and cold walls decreases along -direction. The maximum gradient of the temperature near the hot wall locates at the bottom of the hot wall, and the maximum temperature gradient on the cold wall locates at the position close to the bottom wall. The temperature gradient normal to the cold wall changes a little from top wall to the position close to the bottom wall, and then it decreases quickly till to the bottom wall in a small range. Figure 4 shows the gravity buoyancy force and magnetizing buoyancy force fields in the enclosure. From these figures we can find that the magnetizing buoyancy force is different from the gravity buoyancy force. The gravity buoyancy force parallels along -direction, but the magnetizing buoyancy force's direction changes in the enclosure. The magnetizing buoyancy force increased with increase of magnet strength. There is large magnetizing force near the bottom wall of the enclosure and the force near the hot wall is larger than that near the cold wall. The magnetizing force decreases quickly along -direction. But for the gravity field, the distribution of gravity buoyancy force is quite different. The larger gravity buoyancy force locates in the region near the top and hot wall, and the gravity buoyancy force decreases from hot wall to cold wall and increases from bottom wall to top wall. The maximum value of magnetizing buoyancy force is larger than the maximum gravity buoyancy force. Figure 5 shows the velocity fields under gravity field and magnetic field. When there is gravity field only, as shown in Figure 5(a) , the large value of velocity locates near the walls and the value of velocity decreases from the walls to the center of the enclosure. There is one vortex in the center of the enclosure at Ra = 10 4 . When Ra increases to 10 5 , the core of the vortex is divided into two cores, one is located near the top and hot walls, and the other one locates close to the cold and bottom walls. When there is magnetic field only, the velocity field is different from that under the gravity field. A vortex is also formed in the enclosure, but the core of the vortex locates close to the bottom wall at Ra = 10 4 . When Ra increases to 10 5 , there is still only one core of the vortex and the core moves much closer to the hot wall. Figures 6(a) and 6(b) show the streamlines in the enclosure under gravity field and magnetic field, respectively. The streamlines related to gravity field look rotationally symmetric about the center of the enclosure; large velocity gradient normal to the wall locates near the bottom segment of the hot wall and the top segment of the cold wall. But under the magnetic field, the streamlines are not symmetric and there are dense streamlines near the corner of the hot and bottom walls where there is large value of magnetizing force as shown in Figure 4 (b). In the region near the top wall, the velocity gradient normal to the wall is significantly less than that in other regions.
Temperature Fields.

Magnetizing Force Fields.
Velocity Fields.
Distribution of Temperature along Lines.
The distribution curves of temperature at Ra = 10 5 along the lines parallel to -axis are plotted in Figure 7 ; these three lines z1, z2, and z3 are at the positions / = 0.1, 0.5, and 0.8, respectively. In the region near the hot wall, the temperature under the magnetic field along the line z1 is lower than that under the gravity field, but along the lines z2 and z3, the temperature under the magnetic field is higher than the temperature under the gravity field. In the region near the cold wall, the temperature related to magnetic field is higher than the temperature related to gravity field along the lines z1 and z2, and the temperature related to magnetic field is lower than the temperature related to the gravity field along line z3. The high temperature near the cold wall means a high temperature gradient and high temperature near the hot wall means a low temperature gradient. For the magnetic field, the largest temperature gradient near the cold wall is along the line z2 and the largest temperature gradient near the hot wall is along the line z1. We can obtain the same conclusion as in Figure 7 that the distribution of the temperature under the magnetic field is quite different from that under the gravity field.
Heat
Transfer on the Walls. The distribution curves of the local Nusselt number along the hot and cold walls are plotted in Figure 8 . The distribution of the local Nusselt number under gravity field is shown in Figure 8 (a). The peak value along the hot wall locates near the bottom wall and decreases nearly linearly to the top wall. The distribution of local Nusselt number along the cold wall is symmetric about the central line of the enclosure with the distribution of local Nusselt number along the hot wall. The value of the Nusselt number increases nearly linearly from bottom wall and gets the peak value near the top wall; then it decreases again till to the top wall. Figure 8(b) shows the distribution curves of local Nusselt number under the magnetic field with = 4.5 T. We can see that the distribution of the local Nusselt number for the model under magnetic field is different from that shown in Figure 8(a) . The local Nusselt number gets a high peak value at the bottom of the hot wall and it decreases quickly for a short distance and then continues decreasing at a relatively slow rate till it reaches the top wall. The change of the local Nusselt number along the cold wall is much gentler compared with that along the hot wall. The local Nusselt number increases slowly from the top wall to the position near the bottom wall and then it decreases quickly till it reaches the bottom wall.
The comparison of the distribution curves of the local Nusselt number under gravity field and magnetic field are presented in Figure 9 . The value of local Nusselt number along the hot wall is larger than the value under the gravity filed in a short line segment from the bottom wall; the peak value of local Nusselt number related to magnetic field is more than three times larger than the peak value related to the gravity field. On the cold wall, the local Nusselt number related to magnetic field changes much more gently and has larger value on the lower part of the wall compared with that related to gravity field. Figure 10 shows the distribution of the average Nusselt number with Ra ranging from 10 4 to 10 6 and the residual magnetic flux density of a permanent magnet ranging from 1.5 T to 4.5 T. The average Nu under the magnetic field has a similar distribution curve compared with that under the gravity field. The averaged Nu increases with increase of . The averaged Nusselt numbers on the hot wall with Ra = 10 5 are summarized in Table 3 . When is about 3.5T, the averaged Nu is nearly the same as that under gravity field; this means that the magnetizing buoyancy force has a comparative effect on Nu in the enclosure compared with the gravity buoyancy force.
Conclusion
Natural convection of air in a two-dimensional square enclosure under a nonuniform magnetic field provided by a permanent magnet is carried out. The results are compared with that under the gravity field. As the magnetizing buoyancy force of air in the magnetic field is quite different from the gravitational buoyancy force, the natural convection in the enclosure under a magnetic field provided by a permanent magnet has quite different characteristics. For the model studied in this paper, the velocity and temperature fields are rotationally symmetric about the center of the enclosure. The heat transfer Nusselt numbers on the hot wall and the cold wall are symmetrical about the center line of the enclosure. But the velocity and temperature fields under the magnetic field do not have such characteristics. Heat transfer Nusselt number is different on the hot and cold walls. The value of local Nusselt number has a peak value on the bottom of the hot wall and decreases quickly along the hot wall, but the local Nusselt number changes with a relatively gentle rate on the cold wall. The peak value on the hot wall is three times larger than that under the gravity field when = 4.5 T and 2 times larger when = 2.5 T. When is about 3.5 T, the value of averaged Nu is nearly the same with that under gravity field. This means that in the zero gravity environment, a permanent magnet with = 3.5 T can play a comparative role on the averaged Nusselt number compared with that under the gravity environment. 
